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Representational universality



Different neural networks are 
converging towards the same way of 

representing the world



Slides Adapted from BMM Summer School Course 2024 - Phillip Isola, MIT



Evidence of the convergence



• 78 vision models: different 
architectures, objectives, training data 
distributions.


• Group models by performance on 
VTAB, and measure representational 
similarity within each group

The alignment between vision models increases as vision 
systems become stronger



What are we converging to?



The Platonic Representation Hypothesis

Under major assumptions (bijective, 
discrete observations) 


Self-supervised training tasks, such as 
contrastive learning, converge to 

statistics of the underlaying reality Z



Relative Representations



“Almost isometric up-to-scale”



“Almost isometric up-to-scale”
This is mainly based on empirical evidence 

Need for a theoretical explanation of this behavior 



Relative representations 

We show improvements of relative representations 
through invariance to symmetries in parameter space, 
and topological regularization of the latent spaces

Relative Representations: Topological 
and Geometric Perspectives

Alejandro García-Castellanos, Giovanni Luca 
Marchetti, Danica Kragic, Martina Scolamiero

  1) Representational Universality: “isometries up to scale”

Let   be the feature ex t rac tor o f the network , and le t 
   be a set of elements called anchors, and let 
     be a similarity function. 

φ : 𝒳 → 𝒵
𝒜 = {a1, …, ak} ⊂ 𝒵
sim : 𝒵 × 𝒵 → ℝ

Test set 1

Forward path

Test set 2

  Invariant to isometries + isotropic rescalingssim = cosine sim →

The Relative Representation of     w.r.t.    is 

 

z ∈ 𝒵 𝒜
T𝒜

rel(z) = (sim(z , a1), …, sim(z , ak)) ∈ ℝk

Good performing models have “similar” 
latent representations 

Empirical evidence of being isometric 
up to scale 

 ⇒
 ⇒

Relative Representations enable zero-
shot Model Stitching

  2) Symmetry Groups of Activation Functions

The intertwiner group of the activation function   is the set   of 
invertible linear transformations that exhibit equivalent transformations before and 
after  , i.e.,  

 

σ : ℝn → ℝn Gn
σ

σ
Gn

σ = {A ∈ GLn ∣ ∃B ∈ GLn : σ ∘ A = B ∘ σ}

For common activation functions (e.g. GELU, ReLU, sigmoid), the elements of   are 
the product of a permutation and a diagonal matrix

Gn
σ

Theoretical explanation for the emergence of structurally-similar 
representations in networks

  4) Constrained clusters: Topological Densification

High likelihood of  β -connected

• Equal to having all 0-dimensional 
persistent homology death-times      
of the Vietoris-Rips complex in   

• Can be enforced with regularization

(0, β )

Mass attract mass

• Condensate, for each class,       
its push-forward distributions 
inside their decision boundary 

• Reduce generalization error

KTH Royal Institute of Technology, Sweden 
University of Amsterdam, Netherlands

  3) Invariance trading: Robust Relative Representation

Robust Relative Representation: We apply Gaussian normalization 
with respect to a batch   of data, i.e., a simple form of batch 
normalization (without learnable parameters), before computing the 
cosine sim

ℬ

We are now invariant to shifts + intertwiner group actions

 We trade off invariance to isometries other than permutations with more 
general non-isotropic rescalings   Good trade in high dimensional latent 
spaces:

→

Absolute Relative Vanilla Relative Robust

� ' Acc (") F1 (") MAE (#) Acc (") F1 (") MAE (#) Acc (") F1 (") MAE (#)

en en 59.26±0.66 58.27±0.83 49.52±0.89 38.84±1.23 23.50±2.77 84.95±9.48 60.84±0.64 60.30±0.72 45.35±0.74

fr 24.28±10.11 22.27±8.86 139.27±35.32 40.96±2.40 31.15±3.29 73.09±5.18 49.92±1.51 50.13±1.60 57.56±1.60

fr en 24.96±9.27 23.19±8.12 132.35±24.01 35.42±1.16 20.86±1.09 79.68±11.68 60.74±0.88 60.18±1.14 45.19±1.16

fr 49.26±1.04 48.74±0.73 63.89±1.50 41.99±3.18 35.33±4.55 67.77±2.24 50.31±0.88 50.95±0.82 57.08±1.22

  5) Topologically regularized relative representation 

We apply the consistent topological densification before and 
after the (robust) relative transformation in all of our models 
during the fine-tuning phase

Train set A

Cls
Loss A

Gradient
Topo loss

Train set B

Cls
Loss B

Gradient

Distribution of death times on the English (left) and French (right) datasets.         Top: without 
topological densification. Bottom: with a combination of pre-relative and post-relative topological 
densification.

Relative Robust

� ' Acc (") F1 (") MAE (#)

en en 61.16±0.42 61.26±0.18 44.63±0.26

fr 50.48±1.04 50.85±1.25 57.70±0.73

fr en 60.93±0.56 61.23±0.46 44.54±0.51

fr 50.63±0.79 50.97±0.85 57.76±0.71

Hybrid
IntelligenceH



Zero-shot cross-domain model stitching





1. Geometric Perspective



Weight Space Symmetries

Symmetry-Aware Fully-Amortized Optimization 
with Scale Equivariant Graph Metanetworks

Iterative optimizers are slow and expensive as models become
increasingly larger.

Amortized optimization accelerates the solution of related optimization
problems by learning mappings that exploit shared structure across
problem instances.

Scale Equivariant Graph MetaNetworks (Kalogeropoulos et al., 2024)
allow  us to exploit symmetries found in NNs, to learn this mapping.

Introduction & Motivation 

We leverage a symmetry-aware graph metanetwork for single-shot
finetuning a model’s weights. 

We prove that the gauge freedom induced by scaling symmetries is
strictly smaller in CNNs than in MLPs, helping to explain performance
differences observed in ScaleGMN experiments.

Our Contributions

Scale Equivariant Graph Metanetworks 
Metanetworks are models that take other NNs as input. 

ScaleGMN is a graph metanetwork:
1.   Maps a neural network to its graph representation:  

        weights  edge features,  biases  vertex features.

   2.  Forward pass: feature initialization, message passing, 
       and feature updating.

ScaleGMN makes the components equivariant to scaling
and permutation symmetries.

Methodology

Results

Ablation:
Incorporating scaling symmetries improves accuracy
and smoothens training.

This effect is more apparent in MLPs than in CNNs, due to
their differences in guage freedom (full proof in paper).

Network Symmetries

Neural network symmetries are transformations:

That preserves network function: 

Amsterdam
Machine Learning Lab

    permutation

scaling

= = =
Jouw alineatekst

== =

Amortized Optimization: 
The ScaleGMN framework can be used for single-shot
optimization (see additional results on MLP architectures and
other activation functions in the full paper).

We introduce an amortized meta-optimization model using the
ScaleGMN framework:

ScaleGMN maps input parameters to a new set of parameters:

Train a ScaleGMN on a collection of pre-trained networks with:

Evaluate on MLPs and CNNs, activations Tanh and ReLU, with
cross-entropy (           )  and sparsity (           ) objectives.

Ablation: Breaking scale equivariance.

Conceptual idea of our fully-amortized meta-
optimizer for a low-dimensional cost function

Mapping a CNN (left) to its corresponding graph structure (right)



Weight Space Symmetries

Theoretical explanation for the 
emergence of structurally-similar 

representations in networks

Symmetries in weight space

Symmetries in latent space

Symmetry-Aware Fully-Amortized Optimization 
with Scale Equivariant Graph Metanetworks

Iterative optimizers are slow and expensive as models become
increasingly larger.

Amortized optimization accelerates the solution of related optimization
problems by learning mappings that exploit shared structure across
problem instances.

Scale Equivariant Graph MetaNetworks (Kalogeropoulos et al., 2024)
allow  us to exploit symmetries found in NNs, to learn this mapping.

Introduction & Motivation 

We leverage a symmetry-aware graph metanetwork for single-shot
finetuning a model’s weights. 

We prove that the gauge freedom induced by scaling symmetries is
strictly smaller in CNNs than in MLPs, helping to explain performance
differences observed in ScaleGMN experiments.

Our Contributions

Scale Equivariant Graph Metanetworks 
Metanetworks are models that take other NNs as input. 

ScaleGMN is a graph metanetwork:
1.   Maps a neural network to its graph representation:  

        weights  edge features,  biases  vertex features.

   2.  Forward pass: feature initialization, message passing, 
       and feature updating.

ScaleGMN makes the components equivariant to scaling
and permutation symmetries.

Methodology

Results

Ablation:
Incorporating scaling symmetries improves accuracy
and smoothens training.

This effect is more apparent in MLPs than in CNNs, due to
their differences in guage freedom (full proof in paper).

Network Symmetries

Neural network symmetries are transformations:

That preserves network function: 

Amsterdam
Machine Learning Lab

    permutation

scaling

= = =
Jouw alineatekst

== =

Amortized Optimization: 
The ScaleGMN framework can be used for single-shot
optimization (see additional results on MLP architectures and
other activation functions in the full paper).

We introduce an amortized meta-optimization model using the
ScaleGMN framework:

ScaleGMN maps input parameters to a new set of parameters:

Train a ScaleGMN on a collection of pre-trained networks with:

Evaluate on MLPs and CNNs, activations Tanh and ReLU, with
cross-entropy (           )  and sparsity (           ) objectives.

Ablation: Breaking scale equivariance.

Conceptual idea of our fully-amortized meta-
optimizer for a low-dimensional cost function

Mapping a CNN (left) to its corresponding graph structure (right)



Invariance trading: Robust Relative Representation
Robust Relative Representation: We apply 
Gaussian normalization with respect to a batch  
of data, i.e., a simple form of batch normalization 
(without learnable parameters), before computing 
the cosine sim

ℬ

We are now invariant to shifts + weight space group  actions

 We trade off invariance to isometries other than 
permutations with more general non-isotropic 
rescalings  Good trade in high dimensional latent 
spaces:

→

Absolute Relative Vanilla Relative Robust

ω ε Acc (→) F1 (→) MAE (↑) Acc (→) F1 (→) MAE (↑) Acc (→) F1 (→) MAE (↑)

en en 59.26±0.66 58.27±0.83 49.52±0.89 38.84±1.23 23.50±2.77 84.95±9.48 60.84±0.64 60.30±0.72 45.35±0.74

fr 24.28±10.11 22.27±8.86 139.27±35.32 40.96±2.40 31.15±3.29 73.09±5.18 49.92±1.51 50.13±1.60 57.56±1.60

fr en 24.96±9.27 23.19±8.12 132.35±24.01 35.42±1.16 20.86±1.09 79.68±11.68 60.74±0.88 60.18±1.14 45.19±1.16

fr 49.26±1.04 48.74±0.73 63.89±1.50 41.99±3.18 35.33±4.55 67.77±2.24 50.31±0.88 50.95±0.82 57.08±1.22

Encoder
Classifier



2. Topological Perspective



Vietoris-Rips complexVietoris-Rips complex

13

[2] Choudhary, Aruni - https://publikationen.sulb.uni-saarland.de/handle/20.500.11880/26911, CC BY 3.0, https://commons.wikimedia.org/w/index.php?curid=130411727



Persistent Homology



Classic Topological Data Analysis pipeline

Berwald, Jesse J. "The mathematics of quantum-enabled applications on the D-wave quantum computer." Not. Am. Math. Soc 66.832 (2019): 55.



Topological Deep Learning



“Topological” Deep Learning: more like Combinatorial Deep Learning

Papillon, Mathilde, et al. "Beyond euclid: An illustrated guide to modern machine learning with geometric, topological, and algebraic structures."



Topological signature as input

Kim, Kwangho, et al. "Pllay: Efficient topological layer based on persistent landscapes." Advances in Neural Information Processing Systems 33 (2020): 15965-15977.



Topologically enhanced  
latent space

Verma, Yogesh, Amauri H. Souza, and Vikas Garg. "Topological neural networks go persistent, equivariant, and continuous." arXiv preprint arXiv:2406.03164 (2024).



Topological regularization

Moor, Michael, et al. "Topological autoencoders." International conference on machine learning. PMLR, 2020.

Chen, Chao, et al. "A topological regularizer for classifiers via persistent 
homology." The 22nd International Conference on Artificial Intelligence and 

Statistics. PMLR, 2019.





Topological densification
High likelihood of β-connected

•Equal to having all 0-dimensional persistent 
homology death-times of the Vietoris-Rips complex 
in  

•Can be enforced with regularization
(0, β)

Mass attract mass

•Condensate, for each class, its push-forward 
distributions inside their decision boundary 

•Reduce generalization error



Topologically regularized relative representation 
We apply the consistent topological densification before and after the (robust) relative 

transformation in all of our models during the fine-tuning phase

Train set A

Cls
Loss A

Gradient
Topo loss

Train set B

Cls
Loss B

Gradient

Distribution of death times on the English (left) and French (right) datasets.         
Top: without topological densification. Bottom: with a combination of pre-relative 
and post-relative topological densification.



Relative Robust

ω ε Acc (→) F1 (→) MAE (↑)

en en 61.16±0.42 61.26±0.18 44.63±0.26

fr 50.48±1.04 50.85±1.25 57.70±0.73

fr en 60.93±0.56 61.23±0.46 44.54±0.51

fr 50.63±0.79 50.97±0.85 57.76±0.71

Absolute Relative Vanilla Relative Robust

ω ε Acc (→) F1 (→) MAE (↑) Acc (→) F1 (→) MAE (↑) Acc (→) F1 (→) MAE (↑)

en en 59.26±0.66 58.27±0.83 49.52±0.89 38.84±1.23 23.50±2.77 84.95±9.48 60.84±0.64 60.30±0.72 45.35±0.74

fr 24.28±10.11 22.27±8.86 139.27±35.32 40.96±2.40 31.15±3.29 73.09±5.18 49.92±1.51 50.13±1.60 57.56±1.60

fr en 24.96±9.27 23.19±8.12 132.35±24.01 35.42±1.16 20.86±1.09 79.68±11.68 60.74±0.88 60.18±1.14 45.19±1.16

fr 49.26±1.04 48.74±0.73 63.89±1.50 41.99±3.18 35.33±4.55 67.77±2.24 50.31±0.88 50.95±0.82 57.08±1.22

Without 
Regularization

With Topological 
Regularization

Encoder
Classifier



Single Linkage Hierarchical Clustering ↔ H0(VR)

Controlling H0(VR) → Topological densification

What beneficial properties for classification can we 
obtain by controlling Hn(VR) for n>0?

Future work: Exploring higher dimensional homology



Thanks for listening

If you liked my work you can find more in my website 



EXTRA



Potential use case:

Stitching Stitching Stitching Stitching



Trainable stitching



Nearest-neighbor kernel-alignment metric



Persistent Homology



Post training analysis

Zheng, Songzhu, et al. "Topological detection of trojaned neural networks." Advances in Neural Information Processing Systems 34 (2021): 17258-17272.


